A quantum-kinetic approach to the ultrafast dynamics of carrier multiplication in semiconductor quantum dots is presented. We investigate the underlying dynamics in the electronic subband occupations and the time-resolved optical emission spectrum, focusing on the interplay between the light-matter and the Coulomb interaction. We find a transition between qualitatively differing behaviors of carrier multiplication, which is controlled by the ratio of the interaction induced time scale and the pulse duration of the exciting light pulse. On short time scales, i.e., before intraband relaxation, this opens the possibility of detecting carrier multiplication without refering to measurements of (multi-)exciton lifetimes.
I. INTRODUCTION
Typically, in a semiconductor excited by a single photon, the conversion efficiency of light energy into electrical energy is strongly limited by the fact that per photon only a single electron-hole pair (or exciton) can be created. For single-junction solar cells, this determines the well-known Shockley-Queisser limit.
1 Using multiple materials with different band gaps (multi-junction cells), a larger part of the solar spectrum can be covered, and thus the conversion efficiency can be increased beyond this limit. Another way is to use materials which exhibit the creation of multiple excitons per incident photon (multiple-exciton generation -MEG), thus increasing the quantum yield for incident photons with energies higher than twice the band gap. For this reason, carrier multiplication is currently the subject of intensive investigation in nanostructures such as graphene structures 2, 3 and semiconductor quantum dots (QDs).
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Most of the experimental investigations focus on the decay dynamics of the carrier population in the conduction band as a measure of MEG: While an exciton decays radiatively on a time scale of tens to hundreds of picoseconds, multiexcitations can decay much faster (on a picosecond time scale) due to additional Coulombmediated impact ionization and Auger scattering channels. Thus, the detection of different decay time constants in dependence on the incident light frequency is used as an indication and quantitative measure of MEG. One disadvantage of these approaches is the ambiguity accompanying the discrimination of MEG from other effects in quantum dots such as charged excitons. [4] [5] [6] Corresponding to experimental investigations, theory has focused on calculations of (multi-)exciton decay rates which were found to be crucial for MEG and its efficiency in concrete material systems. 7, 8 The theoretical descriptions are typically restricted to Bloch equations including phenomenological scattering rates as well as pseudopotential approaches without quantum-kinetic time resolution of the carrier multiplication process. The time dynamics of absorption bleaching was investigated by Shabaev et al. in Ref. 9 .
Here, we present a quantum-kinetic approach to carrier multiplication in a semiconductor QD including the time dynamics of the relevant Coulomb processes (impact ionization and Auger recombination), studied in the electronic occupations and the time-resolved optical emission spectrum. We propose that distinct quantum-kinetic signatures of the carrier dynamics due to different dynamical paths can be used as an experimental verification of carrier multiplication via the time-resolved optical emission in quantum dot structures: This proposal is, in principle, advantageous compared to measurements of exciton or multiexciton decay times due to a clear interpretation of the signal.
II. MODEL SYSTEM
The QD model underlying this work consists of eight electronic states exhibiting spin degeneracy, i.e., four in the conduction (c) and four in the valence band (v), depicted schematically in Fig. 1(a) . The conduction band states are labeled by |cλs , while the valence band states are labeled by |vλs ; here, λ denotes the subband index (two subband states for each band) and s the spin index.
The full system Hamiltonian reads
where H 0 represents the free kinetics of the electrons:
a † cλs (a † vλs ) and a cλs (a vλs ) are the creation and annihilation operators of an electron in the conduction (valence) Initially, the systems is excited by a classical light pulse close to the transition |v2↑ →|c2↑ [ Fig. 1(b) ], creating the single-exciton state |c2↑ v2↑ : This interaction between the electrons and the incident light pulse is treated semiclassically and in dipole and rotating wave approximation:
where E(t) is the classical light field at the QD location, taken to be a Gaussian pulse E(t) = E(t) cos(ω L t) withẼ(t) = E 0 exp{−t 2 /τ 2 }, with the pulse width τ . The pulse area is defined via the envelope of the pulse,
is the dipole matrix element of the considered transition.
To focus on the underlying dynamics of MEG, the full carrier-carrier interaction Hamiltonian is restricted for large parts of the article to the impact ionization (II) and Auger recombination (AR) processes of conduction band electrons, depicted in Fig. 1(c) . The additional consideration of II and AR of valence band electrons [ Fig. 1(d) ], which occurs on an equal footing, complicates the presentation of the underlying physics while it does not qualitatively change the observed phenomena. For completeness, we include calculations of both scattering processes at the end of the numerical discussion including a comparison between the system dynamics excluding and including II and AR processes of valence band electrons.
The impact ionization process annihilates electrons in the states |c2 ↑ and |v1 ↓ and creates electrons in the multi-carrier state |c1↑ c1↓ [black arrows in Fig. 1(c) ], thus describing the transition between the single-exciton state |c2↑ v2↑ and the two-exciton state |c1↑ c1↓ v1↓ v2 ↑ . The Auger recombination as the inverse process is described by the Hermitian adjoint [grey arrows in Fig. 1(c) ]. The corresponding carrier-carrier interaction Hamiltonian reads
The Coulomb coupling elements V II and V AR are taken to be real and are thus equal, V II = V AR ≡ V . The theoretical description developed in this work is inherently non-Markovian and hence allows to study the dynamics including non-energy-conserving scattering processes. This will be utilized later to study the effect of off-resonant Coulomb scattering on the efficiency of the impact ionization process.
For our calculations, we assume that the coupling elements are determined by an ab initio theory such as in Ref. 15 , thus focusing on the ultrafast time scale of the quantum-kinetic dynamics. The parameters are chosen for the PbSe QD of Ref. 9 , yielding approximate values for the energetic and coupling parameters.
III. DYNAMICAL EQUATIONS
The quantum-kinetic dynamics is derived within an equation of motion approach. 16 The finite character of the four-electron system is used to close the hierarchy of expectation values arising from the many-particle interaction Hamiltonian H Coul , making the calculated results essentially non-perturbative with respect to the Coulomb interaction. The restriction to four electrons is a good assumption if the interaction between the electrons inside the quantum dot and the electrons of the surrounding substrate is negligibly weak. 17 Within this assumption, all correlations containing ten or more electron operators vanish because they describe correlations between more than four electrons.
Since we focus on ultrashort time scales (subpicosecond), the influence of radiative decay on the carrier dynamics, which acts on comparibly long time scales (T 1 ≥ 1 ns) resulting from the small energy gaps, will be neglected throughout this work. However, pure dephasing processes are considered via a phenomenological constant γ PD .
It turns out that for the system introduced in Sec. II including the impact ionization and Auger recombination of only the conduction band electrons, a reduction to a two-electron description yields results close to the full calculations involving all electron correlations. Therefore, to achieve greater clarity, we will use the two-electron level for a discussion of the system properties. The final dynamical results presented in the figures, however, are calculated using the full set of equations, cf. the appendix for the equations. We would like to note that an analogous set of dynamical equations was used in Ref. 9 to discuss the time dynamics of absorption bleaching in QDs.
To present a clear depiction of the processes and their mutual dependencies, the operator abbreviations used are listed in is the occupation operator in subband λ with spin s in the conduction (valence) band. p 2↑ describes the transition of an electron from state |v2↑ to |c2↑ [cf. Fig. 1(b) ]. The operator of the double excitation pDE [cf. Fig. 1(e) ] annihilates two electrons in the states |v2↑ and |v1↓ and creates two electrons in the states |c1↑ and |c1↓ . The operator of impact ionization pII [cf. Fig. 1(c) ] describes the correlated transition between the states |v1↓ , |c1↓ and the states |c2↑ , |c1↑ .
A. Energetic Structure and absorption of the QD
Before we investigate the full dynamics, we first characterize the electronic system via the linear optical absorption:
Since we are interested in the energetic structure of the system under excitation of the transition |v2 ↑ → |c2 ↑ , we can restrict to the microscopic polarization p 2↑ [cf.
table I], which determines the macroscopic polarization
c. The system of dynamical equations defining the linear absorption α(ω) via p 2↑ reads:
The analytical solution of the absorption spectrum can be obtained via Fourier transformation, yielding The linear absorption spectrum of the system for different coupling strengths V is shown in Fig. 2(a) . The double peak structure is the consequence of the anticrossing as illustrated in Fig. 2 pling; for non-vanishing coupling, new eigenstates which are superpositions of the unperturbed states appear. In the following discussion, the system will be resonantly excited on the higher energetic branch [cf. Fig. 2(b) ] except where explicitly noted otherwise. This excitation energy is found to be ω ≈ (ǫ
3 meV in the case of a vanishing detuning ∆, which describes energy-conserving impact ionization as considered here, cf. Fig. 1(c) .
B. Structure of the dynamics
Since the process of impact ionization is the focus of this study, we start the discussion of the dynamical structure with the expectation value p II = a † c1↑ a † c1↓ a v1↓ a c2↑ [cf. table I], which is the probability amplitude of the impact ionization process (generation of two electrons in the conduction band via one electron in the conduction and one in the valence band):
with ∆ω
Here, the product of the dipole coupling element and the slowly varying envelope of the electric field is denoted with M (t) =Ẽ(t)M cv 2↑2↑ . In the following, we write the classical light field E(t) as a sum of its positive (e iωLt ) and negative (e −iωLt ) frequency parts and abbreviate the product of an expectation value A and a rotation of n times the laser frequency e ±inωLt with
We then apply a rotating wave approximation by neglecting fast rotating terms for each dynamical equation. For example, in Eq. (9), the term i M (t) p DE +1 does not appear because it oscillates approximately with the frequency 2ω L , whereas the other terms The source term due to the double excitation process p DE −1 , depicted in Fig. 1(e) , and mediated by the coupling M (t), depends on the presence of the light field and therefore changes p II only while the system is interacting with the light pulse, in contrast to the Coulomb coupling V which acts at all times. This fact will become important in the analysis of the occuring system dynamics.
The dynamical equations for the double excitation p DE −1 and the density-density correlations read
The double excitation p DE −1 is driven by the impact ionization p II via the light field M (t) and by the term p 2↑ f v 1↓ −1 , which describes the excitation of an electron from |v2↑ to |c2↑ correlated with an electron density in the state |v1↓ . The density-density correlation f The system of equations is closed with the following two dynamical equations:
. A better understanding of the dynamics can be obtained with the help of a graphical presentation of the coupled expectation values, shown in Fig. 3 . We start from the initial condition that only the density correlations in the valence band are equal to one, i.e. f 
/V , the dynamics can be divided into sequential interaction steps: For example, for a short light-matter (τ ) and a comparably long Coulomb interaction time ( /V ), the dynamics is first restricted solely to the left contribution of path 1. For longer times, the right contribution of path 1 is activated by the non-vanishing density-density correlation f c 2↑ f v 1↓ , while path 2 remains dormant due to vanishing intermittent polarizations. For a light-matter interaction strongly exceeding the Coulomb interaction time scale, i.e., τ ≫ /V , the dynamics is comprised of an interference of both paths.
A case where path 2 dominates the dynamics while path 1 remains dormant is not possible, as can be seen in Fig. 3 . Let us assume that /V is negligible compared to τ . Even though p DE of path 2 is then driven on a much shorter time scale than the density-density correlation f . Thus, no qualitative difference in the behavior is expected when taking the limiting case of τ ≫ /V , which is just due to the fact that the Coulomb interaction acts at all times.
We will come back to the dynamical structure via the two paths in the following sections to explain the numerical results.
IV. CARRIER MULTIPLICATION
We now turn to the central focus of the article, the investigation of the ultrafast dynamics of carrier multiplication. As a measure of the process, we define the carrier multiplication CM as the ratio of the total carrier occupation in the conduction band f c and its light-induced part f c light , i.e., the conduction band carrier density which is excited solely by the light field:
The quantity CM is equal to one if no additional carriers are created by the Coulomb coupling ( f c = f c light ). Its maximal value in the model system treated in this paper (cf. Sec. II) is 2. This results from the fact that the electronic excess energy is equal to two times the band gap energy. We will now derive the explicit expressions for the total carrier occupation in the conduction band f c , its Coulomb-induced part f c Coul and its lightinduced part f c light .
The total carrier occupation in the conduction band reads
The occupation f c 2↓ is neither driven by the external optical field nor by Coulomb scattering and therefore remains zero. Considering the dynamical equation for f c ,
two source terms f c light and f c Coul can be identified, relating to the light-matter coupling M (t) and the impact ionization transition probability, respectively. Thus, the carrier multiplication CM can be computed.
In the following, we analyze carrier multiplication for both the energy-conserving and the non-energyconserving case numerically, using the parameters in table II if not noted otherwise. 
A. General Properties of our Model
We first discuss the general relation between the total carrier occupation and its light-and Coulomb-induced parts in our model system. This will be useful in understanding the dynamical behavior of these quantities in the next section.
The inversion driving the impact ionization [cf. Eq. 9] and Auger recombination can be expressed in terms of the light-and Coulomb-induced parts of the total carrier occupation:
Here, we employed the dynamical equations (11, 12) and the definitions of f c light and f c Coul as well as their initial values. For a vanishing inversion, the ratio of f c Coul and f c light is obtained as
This is equivalent to a carrier multiplication CM = 1.5, which is reached in a quasi-stationary limit, where all polarizations (in particular, the impact ionization and Auger recombination amplitudes) vanish. In our model system, this value is obtained on long time scales independent of the exciting pulse parameters, as will be seen in the next sections. This is due to the fact that we do not include relaxation effects such as phonon-assisted intraband relaxation, since we want to focus on the ultrafast time dynamics of carrier multiplication. Furthermore, we will see that, in contrast to first expectations, reaching this quasi-stationary state of the system does not solely depend on the damping of the participating polarizations by pure-dephasing processes, but can be reached on an ultrafast timescale by control of the pulse duration τ .
A complementary analysis was performed in Ref. 9 for the absorption bleaching, focusing on the relation between the Coulomb interaction strength and the relaxation rates of the single-exciton and two-exciton states. Here, we focus on the relation of the Coulomb coupling strength to the externally controllable pulse length, allowing an external control in the detection of carrier multiplication. Since we do not consider relaxation processes, we are thus in the regime where oscillations are observed in the absorption bleaching in Ref. 9 .
B. Energy-Conserving Case
We begin our investigation of the dynamics by considering energy-conserving impact ionization, i.e., we assume the energetic structure given in table II, where
We differentiate between two different regimes: (i) the light-matter coupling occurs on a shorter time scale than the Coulomb coupling, i.e., the pulse duration τ is shorter than the typical Coulomb interaction time ( /V ), τ /V and (ii) the lightmatter coupling strongly exceeds the Coulomb coupling, τ ≫ /V .
(i) τ /V : Figure 4 (a) shows the conduction band carrier occupation f c and the contribution from the light-matter interaction f c light for an excitation with a 20 fs pulse with a pulse area of 0.1π. The light pulse induces a density in the conduction band f c light at t ≈ 0 ps. After the pulse, f c light remains constant (dashed line) and is exceeded by the total carrier density (solid line) f c , which indicates carrier multiplication. f c exhibits clear oscillations above the level of f c light .
As discussed in Sec. III B, the build-up of the lightand Coulomb-induced carrier density occurs sequentially via path 1 depicted in Fig. 3 . For the considered parameter range, on a short time scale, determined by the light-matter interaction τ , the light field induces the density-density correlation f 
maximum of f c is reached, i.e., a state which favors Auger recombination over impact ionization. This leads to a subsequent decrease of the total carrier occupation towards a local temporal minimum until impact ionization starts to dominate again. The damping of the resulting oscillation of the total carrier occupation f c is determined solely by the pure dephasing of the system.
The basic physical picture of the oscillation is the anticrossing described in Sec. III B: The spectrally broad pulse simultaneously excites both eigenstates, creating an inversion between the unperturbed states, i.e., between the correlations f (ii) τ ≫ /V : Under excitation with a longer light pulse (τ = 90 fs), the time scale of the light-matter coupling strongly exceeds the Coulomb interaction (τ = 90 fs, /V ≈ 35 fs). This prevents carrier multiplication, i.e., the creation of the density-density correlation f c 1↑ f c 1↓ ), to occur as a sequential process of initial light excitation and following impact ionization alone. Now, the paths depicted in Fig. 3 describing a sequential (path 1) and a simultaneous (path 2) creation of the densitydensity correlation f c 1↑ f c 1↓ contribute both and lead to a concurrent growth of the light-induced f c light and Coulomb-induced f c Coul carrier densities in the conduction band. Figure 4(b) shows that carrier multiplication still occurs, even though no oscillations (no subsequent impact ionization and Auger recombination) are found in the total carrier density f c . This is due to a balance between the densities driving the impact ionization, and therefore a vanishing inversion, resulting from the interplay of paths 1 and 2. This balance causes the carrier multiplication limit of CM = 1.5 to be reached nearly simultaneously with the exciting light pulse on a much shorter timescale than in the case of short pulse excitation.
C. Non-energy-conserving Case
When the Coulomb-coupled single-exciton and twoexciton states are off-resonant, i.e., ǫ
, the influence of impact ionization is strongly suppressed, because energy conservation is violated by this scattering process. To investigate this quantitatively for our Coulomb parameters (cf. table II), the time evolution of the conduction band densities f c and f c light is shown in Fig. 5 The Coulomb-induced conduction band density f c Coul , and thus the process of carrier multiplication, is negligibly weak on an ultrafast subpicosecond time scale. For very long time scales, the CM again approaches 1.5, as discussed in Sec. IV A, assuming that no radiative recombination and phonon-assisted intraband relaxation are considered. However, when these processes are considered, which act on a picosecond time scale in the case of phonon-assisted relaxation, the carrier multiplication will dramatically decrease below CM = 1.5.
To investigate the influence of off-resonant Coulomb scattering processes on the timescale of carrier multiplication, we plot the time in which a value CM = 1.316, corresponding to the exponential growth value of the CM maximum, is reached over the detuning ∆ in Fig. 5(b) . Carrier multiplication times of a few picoseconds, which lie in the range of typical phonon-assisted relaxation times, 18 occur for a detuning ∆ 100meV. Thus, for sufficient detuning between the Coulombcoupled states, impact ionization is expected to be negligible. This result can also be used to justify neglecting impact ionization scattering in the valence band in material systems which show a large difference in the effective masses in the conduction and valence band. Nevertheless, it should be noted that this result is crucially dependent on the Coulomb coupling strength V . A stronger coupling would raise the importance of nonenergy-conserving impact ionization for a given detuning ∆.
D. Inclusion of valence band impact ionization
To include the influence of impact ionization and Auger recombination in the valence band [ Fig. 1(d) ] in our dynamics, we generalize the Coulomb Hamiltonian H Coul :
with the coupling elementsV
* . This introduces additional valence band scattering correlations as well as correlations linking both bands. Figure 6 shows the corresponding dynamics with ( f c C+V ) and without ( f c C ) impact ionization of valence band electrons for a short pulse excitation. The system is again excited resonant on the higher energetic branch, and the conduction and valence band impact ionization coupling elements are taken to be equal, V =V = 20 meV. The occuring oscillation describing impact ionization and Auger recombination has a higher frequency for the inclusion of both processes which corresponds to a larger effective Coulomb coupling V eff (V,V ). For the long pulse excitation, no significant differences are found.
V. TIME-RESOLVED OPTICAL EMISSION
In a next step, we investigate the obtained dynamical results in the time-resolved optical emission of the quantum dot during the impact ionization process, opening an alternative approach to measure MEG. In order to describe this quantum-optical signal, we consider the fully quantized light-matter interaction Hamiltonian
with the electron-photon coupling element
k is the photonic annihilation (creation) operator in mode k. Analogous to the consideration of the semiclassical light-matter interaction, a rotating-wave approximation is applied on the frequency of the external excitation. The hierarchy of dynamical equations stemming from the electron-photon interaction is truncated on the two-photon level, i.e., twophoton assisted electronic correlations are neglected.
The time-resolved emission spectrum at an observation frequency ω k s at a distance z to the detector is given by
with the time uncertainty of the detector ∆t, the quantization volume Ω, the speed of light c, and the vacuum dielectric constant ǫ 0 . The angular frequencies ω i and the momenta k i are related via the linear dispersion relation ω i = ck i . The time uncertainty ∆t has to be equal to or smaller than the pulse length τ in order to resolve the time evolution of the exciting light pulse. In Figs. 7(a-c) , the resulting time-resolved emission spectrum is shown for increasing pulse lengths τ = 20 fs, 40 fs, and 90 fs. The time uncertainty ∆t is set to 20 fs in order to resolve the temporal dynamics. In the calculations, the full system including impact ionization and Auger recombination in both the conduction and valence band is considered. For a short pulse excitation [ Fig. 7(a) ], oscillations in the emission are found, corresponding to the impact ionization-induced carrier dynamics in Fig. 4(a) . These oscillations become less pronounced for an intermediate pulse length [Fig. 7(b) ] and disappear for an excitation with a long pulse [ Fig. 7(c)] . Thus, the quantum-kinetic signatures, resulting from the interplay between the light-matter and the Coulomb interaction, are recovered directly in the time-resolved optical emission.
To recover the energetic structure of the QD, the time uncertainty of the detector is increased in Fig. 7(d) to allow for a sufficient energetic resolution. The observed energetic splitting of the fluorescence line corresponds to the anticrossing in the linear absorption (cf. Fig. 2) . The earlier onset of the signal at the energetically higher branch results from the Rayleigh signal of the exciting light pulse.
VI. CONCLUSION
A quantum-kinetic approach to the dynamics of carrier multiplication in quantum dots was presented, focusing on the interplay between the light-matter and the Coulomb interaction on ultrafast timescales, where intraband relaxation is of minor importance. The analysis of the underlying dynamics revealed two different paths leading to multiple carriers in the conduction band, controllable via the coupling parameters of the two interactions: the duration of the exciting light pulse and the Coulomb interaction time.
We observe the occurence of oscillations for certain ex-ternally controllable excitation parameters. These oscillations result from the interplay of impact ionization and Auger recombination and could in principle be used to detect carrier multiplication before relaxation processes occur. The corresponding distinct signatures in the timeresolved optical emission spectrum open the possibility for an alternative approach to measure multi-exciton generation in quantum dots. In particular, they might offer the possibility to distinguish carrier multiplication in quantum dots by Auger-type processes from other processes, such as multiphoton excitation, uncontrolled photocharging, and influences of the surface chemistry, which can lead to ambiguities in the analysis of excitonic decay dynamics.
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It was also shown that the time dynamics does not qualitatively change when neglecting impact ionization scattering in the valence band, resulting only in small modifications in the carrier occupations. Furthermore, the investigation of non-energy-conserving impact ionization and Auger recombination highlights how crucial resonance is for the impact ionization process.
